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Suppressing noise-indued intensity pulsations in semiondutor lasers by means of
time-delayed feedbak
Valentin Flunkert and Ekehard Shöll
Institut für Theoretishe Physik, Tehnishe Universität Berlin, Hardenbergstraÿe 36, 10623 Berlin, Germany
We investigate the possibility to suppress noise-indued intensity pulsations (relaxation osilla-
tions) in semiondutor lasers by means of a time-delayed feedbak ontrol sheme. This idea is
rst studied in a generi normal form model, where we derive an analyti expression for the mean
amplitude of the osillations and demonstrate that it an be strongly modulated by varying the
delay time. We then investigate the ontrol sheme analytially and numerially in a laser model of
Lang-Kobayashi type and show that relaxation osillations exited by noise an be very eiently
suppressed via feedbak from a Fabry-Perot resonator.
I. INTRODUCTION
In many dynamial systems noise plays an important
role and inuenes the system's properties and the dy-
nami behavior in a ruial way. Control of the noise-
mediated dynami properties is a entral issue in nonlin-
ear siene [1℄.
An often enountered eet of noise is the exitation
of irregular stohasti osillations under onditions where
the deterministi system would rest in a stable steady
state, e.g., a stable fous. The random utuations then
push the system out of the steady state. These noise-
indued osillations are a widespread phenomenon and
appear, for instane, in lasers [2, 3, 4, 5, 6℄, hemial re-
ation systems [7℄, semiondutor devies [8, 9℄, neurons
[10℄, and many other systems.
In pratial appliations the need arises to ontrol the
osillations, for instane, by inreasing their oherene
and thus the regularity of the osillations. In reent years
dierent methods to ontrol stohasti systems have been
developed, and applied to noise-indued osillations in
a pendulum with a randomly vibrating suspension axis
and external periodi foring [11℄, stohasti resonane
[12, 13℄, noise-indued dynamis in bistable delayed sys-
tems [14, 15℄, and self-osillations in the presene of noise
[16℄. In the ontext of oherene resonane [17, 18℄,
time-delayed feedbak in the form originally suggested
by Pyragas to stabilize unstable states in deterministi
systems [1, 19℄ has been demonstrated to be a power-
ful tool to ontrol purely noise-indued osillations [20℄.
This method ouples the dierene of the atual state
X (t) ∈ Rn and of a delayed state of the system X (t − τ)
bak into the system.
d
dt
X (t) = f (X (t), t) − K [X (t)− X (t − τ)].
The time delay τ and the (matrix valued) ontrol ampli-
tude K are the ontrol parameters whih an be tuned.
While previous studies have shown that the delayed feed-
bak method an ontrol the main frequeny and the or-
relation time tcor and thus the regularity of noise-indued
osillations in simple systems [20, 21, 22, 23, 24, 25, 26℄
as well as in spatially extended systems [27, 28, 29℄, and
deteriorate or enhane stohasti synhronization of ou-
pled systems [30℄, in this paper we fous on the suppres-
sion of stohasti osillations. We analyse the mean am-
plitude (or, more generally, the ovariane) of the osil-
lations and show that time-delayed feedbak ontrol an
derease the mean osillation amplitude for appropriately
hosen delay time, and thus suppress the osillations.
The paper is organized as follows. In setion II we
study a generi model onsisting of a damped harmoni
osillator driven by white noise and investigate the inu-
ene of delayed feedbak. In this generi system we de-
rive an analyti expression for the mean square osillation
amplitude in dependene on the feedbak and show how
the osillations an be suppressed. In setion III we on-
sider a semiondutor laser, a pratially relevant exam-
ple, and show how optial feedbak from a Fabry-Perot
resonator, whih realizes the delayed-feedbak sheme,
an suppress noise-indued relaxation osillations in the
laser.
II. GENERIC MODEL
We onsider a damped harmoni osillator (whose xed
point is a stable fous) subjet to noise (ξ) and feedbak
ontrol
z˙(t) = (λ− iω0) z(t) + Dξ(t) (z ∈ C) (1)
−K [z(t)− z(t − τ)],
where λ < 0 and ω0 are the damping rate and the natural
frequeny of the osillator, respetively, D is the noise
amplitude, K is the (salar) feedbak strength and τ is
the delay time of the ontrol term. We onsider Gaussian
white noise
ξ(t) = ξ1(t) + iξ2(t), (ξi ∈ R)
〈ξi 〉 = 0,
〈ξi (t) ξj(t ′)〉 = δijδ(t − t ′).
In our partiular system the delay term in eq.(1) does not
indue any loal bifurations in the deterministi system.
Thus, the xed point is stable for all τ and K .
A similar normal form (without noise) was previously
used to study the stabilization of unstable determinis-
ti xed points by time-delayed feedbak [31℄, whih is
possible in the same way as stabilization of unstable de-
terministi periodi orbits [1, 32, 33, 34℄.
The power spetral density of z has been alulated in
[23℄ and is given by (see Fig. 2)
S(ω) =
D2
2pi
1
[λ− K (1− cos(ωτ)]2 + [ω − ω0 + K sin(ωτ)]2 .
Figs. 1 and 2 display the dependene of the power spe-
tral density on the delay time. With inreasing delay new
peaks appear in the spetrum. These are related to new
modes generated by the delay as will be shown later.
Figure 1: (olor online) Power spetral density S as a funtion
of the frequeny ω and the delay time τ (logarithmi olor
sale). Parameters: λ = −0.01, ω0 = 1 (T0 = 2pi), D = 1,
K = 0.2
Figure 2: (olor online) Power spetral density S(ω) for dif-
ferent delay times τ . Parameters: λ = −0.01, ω0 = 1, D = 1,
K = 0.2
Before proeeding, we transform eq.(1) into a rotating
frame z(t) = u(t) e−iω0t
u˙(t) = (λ − K ) u(t) + K e iω0τu(t − τ) + e iω0tD ξ(t)
= a u(t) + b u(t − τ) + D ξ˜(t), (2)
where a ∈ R, b ∈ C, and ξ˜(t) = e iω0tξ(t) is a noise term
with the same properties as ξ(t). The purpose of the
transformation is to make the parameter a real, whih
will be neessary later.
In [35℄ Kühler and Mensh analyzed equation (2) for
real variables. We will follow their approah and adapt
it to omplex variables. Similar results for the Van der
Pol osillator have been obtained independently in [36℄.
A dierent two-dimensional system with noise and delay
has been reently studied in [37℄.
We will alulate the autoorrelation funtion
G(t) = 〈u(s + t) u(s)〉
in an interval t ∈ [0, τ ], where the overbar denotes om-
plex onjugate. In partiular, this gives the mean square
amplitude 〈r2〉 = 〈|z |2〉 = 〈|u|2〉 = G(0) of the osilla-
tions. With the Green's funtion u0(t) solving
u˙0(t)− a u0(t)− bu0(t − τ) = δ(t),
with u0(t) = 0 for t < 0, we an formally nd a solution
of equation (1)
u(t) =
t∫
−∞
dt1 u0(t − t1)D ξ˜(t1). (3)
Using (3) we obtain
G(t) = 〈u(t˜ + t) u(t˜)〉
= D2
t˜+t∫
−∞
dt1
t˜∫
−∞
dt2 u0(t˜ + t − t1) u0(t˜ − t2)
×〈ξ˜(t1) ξ˜(t2)〉
s=t˜−t1= 2D2
∞∫
0
ds u0(s + t) u0(s)
≡ 2D2 C (t).
The Green's funtion u0 an be alulated [35, 38℄ by
iteratively integrating eq. (2) on intervals [k τ , (k +1) τ)
u0(t) =
⌊t/τ⌋∑
k=0
bk
k!
(t − k τ)k ea (t−τk).
From the denition of C and u0 it follows that C satises
the following equations
C (t) = C (−t) (4)
C˙ (t) = a C (t) + b C (t − τ) (t > 0) (5)
C˙ (t) = a C (t) + b C (τ − t) (t > 0). (6)
Using these three equations, we an nd an ordinary dif-
ferential equation for C , using eqs.(6),(5),
d2
dt2
C (t) = a C ′(t)− b C ′(τ − t)
= a [a C (t) + b C (t − τ)]
−b [a C (τ − t) + b C (−t)]
= a2C (t) + a b C (t − τ)
−a b C (t − τ) − |b|2C (−t)
= (a2 − |b|2)C (t).
Here it was neessary to have a real a, in order for the
delay terms to anel. Thus C is of the form
C (t) = AeΛt + B e−Λt ,
with
Λ =
√
a2 + |b|2 =
√
(λ− K )2 − K 2.
The omplex oeients A and B an be found from the
equations
C (0) = C (0) ∈ R, (7)
C˙(0) = a C (0) + b C (τ) (8)
and
− 1 =
∞∫
0
ds
d
ds
[u0(s) u0(s)] (9)
=
∞∫
0
ds [u˙0(s) u0(s) + u0(s) u˙0(s)]
= a C (0) + b C (τ) + a C (0) + b C (τ).
Solving equations (7),(8) and (9) for A and B gives the
mean square osillation amplitude
C (0) = 〈r2〉 = Re(A) + Re(B)
= − 1
4Λ
· K
2 + 2Λ2 − K 2 cosh(2Λτ)
K cosh(Λτ) [Λ cos(ω0τ) + K sinh(Λτ)] + a [Λ + K cos(ω0τ) sinh(Λτ)]
. (10)
Figure 3: (olor online) Mean square amplitude 〈r2〉 of noise-
indued osillations (solid line: analytis, dots: numeris).
Parameters: λ = −0.01, D = 1, K = 0.2, ω0 = 1 (T0 = 2pi)
This is now an analyti result whih allows to analyze
the eet of the ontrol term. Figure 3 displays analyti
and numeri results for the osillation amplitude. The
dependene on the ontrol fore K is shown in Fig. 4.
The osillation amplitude an thus be strongly modu-
lated by varying τ . We an obtain the envelopes of the
modulation by setting the terms cos(ω0τ) to their maxi-
Figure 4: (olor online) Mean square amplitude 〈r2〉 of osilla-
tions as a funtion of the delay time τ for dierent K (analyti
solution). Parameters: λ = −0.01, D = 1, ω0 = 1 (T0 = 2pi)
mum and minimum values ±1 in eq.(10)
C± =
1
2Λ
· K sinh(Λτ) ∓ Λ
K cosh(Λτ) ± a .
Figure 5(a) displays 〈r2〉 and the envelopes versus τ .
The mean square osillation amplitude is modulated as
Figure 5: (olor online) (a) Mean square amplitude 〈r2〉 of
osillations and (b) real part of the eigenvalue spetrum of
the xed point as a funtion of the delay time τ . The dashed
lines in (a) mark the envelope C±. Parameters: λ = −0.01,
D = 1, K = 0.2, ω0 = 1 (T0 = 2pi)
a funtion of τ with a period T0 = 2pi/ω0. The maxima
and minima our at
τ+ = n T0 and τ− =
2n+ 1
2
T0
respetively. The smallest osillation amplitude is
reahed at
τopt = T0/2.
To understand the behavior of the mean square osil-
lation amplitude as a funtion of the delay time τ , one
has to look at the eigenvalue spetrum of the xed point
z = 0 of eq. (1) (without utuations). The ansatz
z(t) ∝ eµt in eq. (1) gives rise to a transendental equa-
tion for the eigenvalues µ:
µ = (λ − iω0 − K ) + K e−µτ . (11)
This equation an be solved using the Lambert funtion.
The Lambert funtion W is dened [39℄ as the inverse
W (z) of the equation
W eW = z (z ∈ C). (12)
Sine eq.(12) has innitely many solutions, the Lambert
funtion W has innitely many branhes Wn(z) indexed
by n. Using the Lambert funtion W the solutions of (11)
are given by
τµn = Wn[τ K e
−(λ−iω0−K)τ ] + (λ− iω0 − K )τ .
Fig 5(b) shows the real part of the spetrum versus τ .
As τ inreases, dierent eigenvalue branhes originating
from −∞ approah the zero axis (albeit remaining < 0)
and then bend away again. Sine the real part of the
eigenvalues orresponds to the damping rate of the re-
spetive mode, the osillation amplitude exited by noise
is large if a mode is weakly damped, and small if all
modes have rather large (negative) damping rates.
Beause eq. (1) is linear and ξ is Gaussian noise, the
probability distribution p(x , y), where z = x + iy , is also
a Gaussian distribution [37℄. The rotational invariane
(z ′ = z e iφ) of eq. (1) implies, that p(x , y) is invariant
under rotations, too. These two arguments lead to the
probability distribution
p(x , y) =
1
2pi
√
1
σ2x σ
2
y
exp
[
− x
2
2σ2x
− y
2
2σ2y
]
,
with
σ2x = σ
2
y =
1
2
〈r2〉.
Figure 6 shows the marginal distribution
p(x) =
∞∫
−∞
dy p(x , y)
for τ = 0 (dashed) and τ = τopt = T0/2 (solid). The ase
τ = 0 orresponds to no ontrol, beause the feedbak
term in (1) vanishes. The ase τ = τopt realizes the opti-
mal delay time, where the osillations are most strongly
suppressed and the distribution p(x , y) is narrowest.
Figure 6: (olor online) Marginal probability distribution p(x)
without (τ = 0) and with optimal ontrol (τ = T0/2) Param-
eters: λ = −0.01, K = 0.2, D = 1,ω0 = 1 (T0 = 2pi)
III. LASER MODEL
In this setion we investigate the eets of feedbak
and noise in a semiondutor laser. A laser with feedbak
from a onventional mirror an be desribed by the Lang-
Kobayashi equations [40℄. Other types of feedbak have
also been investigated [41, 42℄. One partiular feedbak
realizes the delayed feedbak ontrol with an all-optial
sheme [43, 44℄. The feedbak is here generated by a
E omplex eld amplitude
n arrier density
α linewidth enhanement fator
K feedbak strength
τ roundtrip time in the Fabry-Perot
p exess pump injetion urrent
T timesale parameter
FE noise term desribing spontaneous emission
β spontaneous emission fator
n0 threshold arrier density
ϕ,ψ phases depending on the mirror positions
Table I: Nondimensionalized laser variables and parameters
Fabry-Perot resonator. A shemati view of this setup
is shown in Fig. 7. A fration of the emitted laser light
is oupled into a resonator. The resonator then feeds an
interferene signal of the atual eletri eld E (t) and the
delayed (by the round trip time) eletri eld E (t − τ)
bak into the laser.
ResonatorLaser
K τ
Figure 7: (olor online) Setup of a laser oupled to a Fabry-
Perot resonator realizing the time-delayed feedbak ontrol
A modied set of non-dimensionalized [45℄ Lang-
Kobayashi equations [43℄ desribes this setup
d
dt
E =
1
2
(1 + i α) n E (13)
−e iϕK [E (t)− e iψE (t − τ)] + FE (t),
T
d
dt
n = p − n− (1 + n) |E |2,
where the variables and parameters are dened in Table
I.
The phases ϕ and ψ depend on the sub-wavelength
positioning of the mirrors. By preise tuning ϕ = 2pin
and ψ = 2pim one an realize the usual Pyragas feedbak
ontrol
−K [E (t)− E (t − τ)].
We onsider small feedbak strength K , so that the laser
is not destabilized and no delay-indued bifurations o-
ur. A suient ondition [43℄ is that
K < Kc =
1
τ
√
1 + α2
.
The noise term FE in (13) arises from spontaneous emis-
sion, and we assume the noise to be white and Gaussian
〈FE 〉 = 0, 〈FE (t)FE (t ′)〉 = Rspδ(t − t ′),
with the spontaneous emission rate
Rsp = β(n + n0).
where β is the spontaneous emission fator, and n0 is
the threshold arrier density. Without noise the laser
operates in a steady state (ontinuous wave w emission).
To nd these steady state values, we transform eqs. (13)
into equations for intensity I and phase φ by E =
√
I e iφ
(see Appendix A):
d
dt
I = n I − 2K [I −
√
I
√
Iτ cos(φτ − φ)] + Rsp + FI (t),
d
dt
φ =
1
2
α n + K
√
Iτ√
I
sin(φτ − φ) + Fφ(t), (14)
T
d
dt
n = p − n − (1 + n) I ,
where Iτ = I (t − τ), φτ = φ(t − τ), and
〈FI 〉 = 0, 〈Fφ〉 = 0,
〈FI (t)Fφ(t ′)〉 = 0,
〈FI (t)FI (t ′)〉 = 2Rsp I δ(t − t ′)
〈Fφ(t)Fφ(t ′)〉 = Rsp
2I
δ(t − t ′).
Setting
d
dt
I = 0, d
dt
n = 0, d
dt
φ = const, K = 0 and
replaing the noise terms by their mean values, gives
a set of equations for the mean steady state solutions
I∗, n∗ and φ = ω∗t without feedbak (the solitary laser
mode). Our aim is now to analyze the stability (damping
rate) of the steady state. A high stability of the steady
state, orresponding to a large damping rate, will give rise
to small-amplitude noise-indued relaxation osillations
whereas a less stable steady state gives rise to stronger
relaxation osillations. Linearizing eqs. (14) around the
steady state X (t) = X∗ + δX (t), with X (t) = (I , φ, n)
gives
d
dt
X (t) = U X (t)− V [X (t)− X (t − τ)] + F (t), (15)
with
U =
 n∗ − ΓI 0 I∗ + β0 0 12α
− 1
T
(1 + n∗) 0 − 1T (1 + I∗)
 ,
V = diag(K , K , 0)
where diag(...) denotes a 3× 3 diagonal matrix, and
F = (FI , Fφ, 0).
The Fourier transform of eq.(15) gives
X̂ (ω) = [iω − U + V (1− e−iωτ)]−1︸ ︷︷ ︸
≡M
F̂ (ω).
The Fourier transformed ovariane matrix of the noise
is
〈F̂ (ω) F̂ (ω′)†〉 = 1
2pi
diag(2RspI∗,
Rsp
2I∗
, 0) δ(ω − ω′),
with the adjoint †. The matrix-valued power spetral
density S(ω) an then be dened through
S(ω) δ(ω − ω′) = 〈X̂ (ω) X̂ (ω)†〉
and is thus given by
S(ω) = diag (SδI (ω), Sδφ(ω), Sδn(ω))
=
1
2pi
M diag(2RspI∗,
Rsp
2I∗
, 0)M†.
The frequeny power spetrum is related to the phase
power spetrum Sδφ(ω) by [46℄
Sδφ˙(ω) = ω
2 Sδφ(ω).
Figure 8: (olor online) Analytial (left) and numerial (right)
results for the power spetral density SδI (ω) of the intensity
for dierent values of the delay time τ .
Parameters: p = 1, T = 1000, α = 2, β = 10−5, n0 = 10, K =
0.002. (A typial unit of time is the photon lifetime τp =
10−11s, orresponding to a frequeny of 100 GHz.)
Figure 9: (olor online) Analytial (left) and numerial (right)
results for the power spetral density Sδφ(ω) of the frequeny
for dierent values of the delay time τ .
Parameters: p = 1, T = 1000, α = 2, β = 10−5, n0 = 10, K =
0.002
Figures 8 and 9 display the intensity and the frequeny
power spetra, respetively, for dierent values of the
delay time τ , obtained analytially from the linearized
equations (left) and from simulations of the full nonlin-
ear equations (right). All spetra have a main peak at the
relaxation osillation frequeny ΩRO ≈ 0.03. The higher
harmonis an also be seen in the spetra obtained from
the nonlinear simulations. The main peak dereases with
inreasing τ and reahes a minimum at
τopt ≈ TRO
2
=
2pi
2ΩRO
≈ 100.
With further inreasing τ the peak height inreases again
until it reahes approximately its original maximum at
τ ≈ TRO . A small peak in the power spetra indiates
that the relaxation osillations are strongly damped.
This means that the utuations around the steady state
values I∗ and n∗ are small. Figure 10 displays exemplary
time series of the intensity with and without feedbak.
The time series with feedbak show muh less pronouned
stohasti utuations.
Figure 10: (olor online) Intensity time series with (top panel)
and without (bottom panel) ontrol
Parameters: p = 1, T = 1000, α = 2, β = 10−5, n0 = 10, τ =
100 ≈ T0/2
Next, we study the variane of the intensity distribu-
tion as a measure for the osillation amplitude
∆I 2 ≡
〈
(I − 〈I 〉)2
〉
.
This measure orresponds to the quantity 〈r2〉 whih we
have onsidered in Setion II. Figure 11 displays the vari-
ane as a funtion of the delay time. The variane is min-
imum at τ ≈ TRO/2, thus for this value of τ the intensity
is most steady and relaxation osillations exited by noise
have a small amplitude. This resembles the behavior of
the generi model (see Fig. 5(a)).
Figure 11: (olor online) Variane of the intensity I vs. the
delay time. Parameters: p = 1, T = 1000, α = 2, β =
10−5, n0 = 10, K = 0.002
Figure 12 displays the intensity distribution of the laser
without (dashed) and with (solid) optimal ontrol (om-
pare Fig. 6). The time-delayed feedbak ontrol leads to
a narrower distribution and less utuations.
Figure 12: (olor online) Probability distribution of the inten-
sity I with and without the resonator (simulations). Param-
eters: p = 1, T = 1000, α = 2, β = 10−5, n0 = 10, K = 0.002
IV. CONCLUSION
In this paper we have shown that time-delayed feed-
bak an suppress noise-indued osillations.
In the rst part we investigated a generi normal form
model onsisting of a stable fous subjet to noise and
ontrol. We found an analyti expression for the mean
square amplitude of the osillations. This quantity is
modulated with a period of T0 = 2pi/ω0 in dependene
on τ . For τ = T0/2 the osillations have the smallest
amplitude.
In the seond part we onsidered a semiondutor laser
oupled to a Fabry-Perot resonator. In the laser spon-
taneous emission noise exites stohasti relaxation os-
illations. By tuning the avity round trip time to half
the relaxation osillation period τopt ≈ TRO/2 the osil-
lations an be suppressed to a remarkable degree. This
is demonstrated in the power spetra of the intensity and
the frequeny, where the relaxation osillation peak has
a minimum height at τopt . The variane of the inten-
sity distribution ∆I shows a minimum at τopt , thus the
intensity distribution is narrowest at this value of τ .
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Appendix A: ITO TRANSFORMATION
Ito's formula desribes how a stohasti dierential
equation (SDE) is transformed to new oordinates. Con-
sider the stohasti dierential equation for x(t)
dx(t) = a[x(t), t] dt + b[x(t), t] dW (t).
Ito's formula speies the transformation to a new vari-
able y = f (x). The SDE for y is given by
dy = df [x(t)]
= a[x(t), t] f ′[x(t)] dt + b[x(t), t] f ′[x(t), t] dW (t)
+
1
2
b[x(t), t]2 f ′′[x(t)] dW 2.
We will apply Ito's formula to rewrite the laser equa-
tions for the omplex eletri eld E in terms of the am-
plitude A and the phase φ
E = Ae iφ.
The equation for E without feedbak is given by
d
dt
E =
1
2
(1 + iα) n E + FE (t)
or written as a stohasti dierential equation
dE =
1
2
(1 + iα) n E dt +
√
Rsp
2
dW (t),
with the omplex Wiener proess dW = dWx + i dWy .
We dene the new oordinates
µ+ iφ = logA+ log e iφ = log[Ex + i Ey ].
Using Ito's formula with
a[E ] =
1
2
(1+iα) n E , b[E ] =
√
Rsp
2
and, f [E ] = logE ,
we nd
d(µ+iφ) =
1
2
(1+iα) n
1
E
dt−1
2
Rsp
2
1
E 2
dW 2+
√
Rsp
2
1
E
dW .
(A1)
For a omplex Wiener proess dW one an easily see that
dW 2 = [dWx + idWy ]
2 = dW 2x + 2i dWxdWy − dW 2y = 0.
Here we used dW 2x = dW
2
y = dt and dWxdWy = 0 [47℄.
Thus, equation (A1) simplies to
d(µ+ iφ) =
1
2
(1 + iα) n exp(−µ− iφ) dt
+
√
Rsp
2
exp(−µ− iφ) dW .
Splitting this equation into real and imaginary part and
transforming with Ito's formula bak to A = expµ, we
obtain
dA = (
1
2
n A+
Rsp
4A
)dt +
√
Rsp
2
(cosφ dWx + sinφ dWy )
dφ =
1
2
nα dt +
1
A
√
Rsp
2
(− sinφ dWx + cosφ dWy ) .
Beause the rotation is an orthogonal transformation,
one an understand the inrements as new independent
Wiener proesses
dWA = cosφ dWx + sinφ dWy
dWφ = − sinφ dWx + cosφ dWy .
We have derived the laser equations in polar oordi-
nates. To inlude the delay terms does not hange the
derivation and we will just state the result here
d
dt
A =
1
2
nA− K [A− Aτ cos(φτ − φ)] + Rsp
4A
+ FA(t)
d
dt
φ =
1
2
αn + K
Aτ
A
sin(φτ − φ) + Fφ(t)
with
〈FA(t)FA(t ′)〉 = Rsp
2
δ(t − t ′)
〈Fφ(t)Fφ(t ′)〉 = Rsp
2A2
δ(t − t ′).
To obtain the equations for intensity I = f (A) = A2
instead of the amplitude Ito's formula has to be applied
again (of ourse this ould be done in one step from the
initial equations). The amplitude equation is given by
dA =
{
1
2
nA− K [A− Aτ cos(φτ − φ)] + Rsp
4A
}
dt
+
√
Rsp
2
dW (t).
For a real stohasti proess dW holds dW 2 = dt. Using
Ito's formula with dW 2 = dt, f ′(A) = 2A and, f ′′(A) = 2,
we nd
dI = (
1
2
nA− K [A− Aτ cos(φτ − φ)] + Rsp
4A
)2Adt
+
1
4
Rsp2dt +
√
Rsp
2
2AdW (t)
and thus
d
dt
I = nI − K [I −
√
I
√
Iτ cos(φτ − φ)]
+Rsp + FI (t),
with
〈FI (t)FI (t ′)〉 = 2RspI δ(t − t ′).
[1℄ Handbook of Chaos Control, edited by E. Shöll and
H. G. Shuster (Wiley-VCH, Weinheim, 2007), seond
ompletely revised and enlarged edition.
[2℄ K. Petermann, Laser Diode Modulation and Noise
(Kluwer Aademi, Boston, 1991).
[3℄ J. L. A. Dubbeldam, B. Krauskopf, and D. Lenstra,
Phys. Rev. E 60, 6580 (1999).
[4℄ G. Giaomelli, M. Giudii, S. Balle, and J. R. Tredie,
Phys. Rev. Lett. 84, 3298 (2000).
[5℄ V. V. Sherstnev, A. Krier, A. G. Balanov, N. B. Janson,
A. N. Silhenko, and P. V. E. MClintok, Flut. Noise
Lett. 3, 91 (2003).
[6℄ O. V. Ushakov, H. J. Wünshe, F. Henneberger, I. A.
Khovanov, L. Shimansky-Geier, and M. A. Zaks,
Phys. Rev. Lett. 95, 123903 (2005).
[7℄ V. Beato, I. Sendiña-Nadal, I. Gerdes, and H. Engel,
Phys. Rev. E 71, 035204 (2005).
[8℄ G. Stegemann, A. G. Balanov, and E. Shöll,
Phys. Rev. E 71, 016221 (2005).
[9℄ J. Hizanidis, A. G. Balanov, A. Amann, and E. Shöll,
Phys. Rev. Lett. 96, 244104 (2006).
[10℄ B. Lindner, J. Garía-Ojalvo, A. Neiman, and L.
Shimansky-Geier, Phys. Rep. 392, 321 (2004).
[11℄ P. S. Landa, A. A. Zaikin, M. G. Rosenblum, and J.
Kurths, Phys. Rev. E 56, 1465 (1997).
[12℄ L. Gammaitoni, M. L¶her, A. Bulsara, P. Hänggi,
J. Ne, K. Wiesenfeld, W. Ditto, and M. E. Inhiosa,
Phys. Rev. Lett. 82, 4574 (1999).
[13℄ J. F. Lindner, J. Mason, J. Ne, B. J. Breen, W. L. Ditto,
and A. R. Bulsara, Phys. Rev. E 63, 041107 (2001).
[14℄ L. S. Tsimring and A. Pikovsky, Phys. Rev. Lett. 87,
250602 (2001).
[15℄ C. Masoller, Phys. Rev. Lett. 88, 034102 (2002).
[16℄ D. Goldobin, M. Rosenblum, and A. Pikovsky,
Phys. Rev. E 67, 061119 (2003).
[17℄ G. Hu, T. Ditzinger, C. Z. Ning, and H. Haken,
Phys. Rev. Lett. 71, 807 (1993).
[18℄ A. Pikovsky and J. Kurths, Phys. Rev. Lett. 78, 775
(1997).
[19℄ K. Pyragas, Phys. Lett. A 170, 421 (1992).
[20℄ N. B. Janson, A. G. Balanov, and E. Shöll,
Phys. Rev. Lett. 93, 010601 (2004).
[21℄ A. G. Balanov, N. B. Janson, and E. Shöll, Physia D
199, 1 (2004).
[22℄ E. Shöll, A. G. Balanov, N. B. Janson, and A. Neiman,
Stoh. Dyn. 5, 281 (2005).
[23℄ J. Pomplun, A. Amann, and E. Shöll, Europhys. Lett.
71, 366 (2005).
[24℄ J. Pomplun, A. G. Balanov, and E. Shöll, Phys. Rev. E
75, 040101 (2007).
[25℄ T. Prager, H. P. Lerh, L. Shimansky-Geier, and E.
Shöll, J. Phys. A (2007), in print.
[26℄ N. B. Janson, A. G. Balanov, and E. Shöll, in Handbook
of Chaos Control, edited by E. Shöll and H. G. Shus-
ter (Wiley-VCH, Weinheim, 2007), seond ompletely re-
vised and enlarged edition, to be published.
[27℄ J. Hizanidis, A. G. Balanov, A. Amann, and E. Shöll,
Int. J. Bifur. Chaos 16, 1701 (2006).
[28℄ G. Stegemann, A. G. Balanov, and E. Shöll,
Phys. Rev. E 73, 016203 (2006).
[29℄ A. G. Balanov, V. Beato, N. B. Janson, H. Engel, and E.
Shöll, Phys. Rev. E 74, 016214 (2006).
[30℄ B. Haushildt, N. B. Janson, A. G. Balanov, and E.
Shöll, Phys. Rev. E 74, 051906 (2006).
[31℄ P. Hövel and E. Shöll, Phys. Rev. E 72, 046203 (2005).
[32℄ N. Baba, A. Amann, E. Shöll, and W. Just,
Phys. Rev. Lett. 89, 074101 (2002).
[33℄ O. Bek, A. Amann, E. Shöll, J. E. S. Soolar, and W.
Just, Phys. Rev. E 66, 016213 (2002).
[34℄ B. Fiedler, V. Flunkert, M. Georgi, P. Hövel, and E.
Shöll, Phys. Rev. Lett. 98, 114101 (2007).
[35℄ U. Kühler and B. Mensh, Stoh. Rep 40, 23 (1992).
[36℄ A. Pototsky and N. B. Janson, Phys. Rev. E (2007), sub-
mitted.
[37℄ K. Patanarapeelert, T. D. Frank, R. Friedrih, P. J. Beek,
and I. M. Tang, Phys. Rev. E 73, 021901 (2006).
[38℄ A. Budini and M. O. Cáeres, Phys. Rev. E 70, (2004).
[39℄ A. Amann, E. Shöll, and W. Just, Physia A 373, 191
(2007).
[40℄ R. Lang and K. Kobayashi, IEEE J. Quantum Eletron.
16, 347 (1980).
[41℄ G. P. Agrawal and G. R. Gray, Phys. Rev. A 46, 5890
(1992).
[42℄ H. Erzgräber, B. Krauskopf, D. Lenstra, A. P. A. Fisher,
and G. Vemuri, Phys. Rev. E 73, 055201 (2006).
[43℄ V. Z. Troniu, H. J. Wünshe, M. Wolfrum, and M. Radz-
iunas, Phys. Rev. E 73, 046205 (2006).
[44℄ S. Shikora, P. Hövel, H. J. Wünshe, E. Shöll, and F.
Henneberger, Phys. Rev. Lett. 97, 213902 (2006).
[45℄ P. M. Alsing, V. Kovanis, A. Gavrielides, and T. Erneux,
Phys. Rev. A 53, 4429 (1996).
[46℄ G. P. Agrawal and N. K. Dutta, Semiondutor Lasers
(Van Nostrand Reinhold, New York, 1993).
[47℄ C. W. Gardiner, Handbook of Stohasti Methods for
Physis, Chemistry and the Natural Sienes (Springer,
Berlin, 2002).
